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Influence of cluster morphology on calculation of the aggregation rate constant
in mesoscopic systems
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The aggregation of monodisperse polystyrene microspheres is studied in processes induced at high salt
concentration. Measurements were taken using single-cluster light scattering~free model technique! and pho-
ton correlation spectroscopy. Two cluster growth models were used to study the effect of the cluster morphol-
ogy on the calculation of the rate constant. The rate constants were measured as a function of the particle
concentration in order to control the aggregation time scale. At high particle concentration, rate constant
deviations from the theoretical one was observed, which was explained by taking into account the fractal
structure of the clusters for early aggregation stages.@S1063-651X~97!08409-2#

PACS number~s!: 82.70.Dd, 64.60.Cn, 05.40.1j
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I. INTRODUCTION

Over the past few years, considerable interest has b
focused on the study of dynamic structures, in which an
reversible addition of primary particles leads to cluster f
mation. The aggregation in mesoscopic systems that co
of an aqueous solution of nanoparticles~a colloidal solution!
is a good model for describing this phenomenon, centra
many physical@1#, chemical @2#, and biological @3# pro-
cesses. Two universal regimes, independent of the par
nature, have been found for colloidal aggregation: diffusio
limited cluster aggregation~DLCA! and reaction-limited
cluster aggregation~RLCA! @4–10#. For DLCA the probabil-
ity that collisions between particles give rise to cluster f
mation is equal to one and for RLCA it is lower. This pro
ability depends on the interaction between the clust
which may be controlled by adding salt to a stable collo
The time evolution of the cluster-size distribution is usua
described by Smoluchowski’s coagulation equation@11# and
the fractal structure of the aggregates is characterized
fractal dimensiondf @12,13#.

Single-cluster light scattering~SCLS! offers perhaps the
most unambiguous methods for monitoring aggregation. T
technique allows detailed cluster-size distributions to
measured at different aggregation stages by directly coun
clusters throughout the processes@14–21#. The aggregation
rate may be determined from the time evolution of t
cluster-size distribution by using the Smoluchowski coagu
tion equation. Nevertheless, the forces involved in clus
separation can break up the aggregates under extreme ex
mental conditions. As an alternative technique, photon c
relation spectroscopy~PCS! is frequently employed for
studying aggregating systems@22#. Its advantage is that th
systems are not altered during measurements. However,
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oretical models must be used to fit the measured autoco
lation functions. Guinnup and Schultz@23#, for example, re-
searched the aggregation of polystyrene lattices
deconvoluting the intensity autocorrelation function using
iterative procedure. Herrington and Midmere@24# applied a
simpler method that avoided the tedious deconvolution p
cess. They assumed the Smoluchowski kinetics for e
stages of aggregation and the Rayleigh-Gans-Debye~RGD!
approximation for the scattered intensity@25#. Moreover, a
cluster growth model must be assumed in order to determ
the RGD form factor and the diffusion coefficient for ea
j -fold cluster. So a theoretical autocorrelation function
generated and fitted to the experimental ones by varying
degree of aggregation. In this paper the aggregation kine
of monodisperse polystyrene microspheres is studied in
cesses induced at high salt concentration. Measurement
taken using two techniques: SCLS and PCS, offering
possibility of covering a wider range of particle concentr
tion and comparing results obtained by two such differ
techniques. Furthermore, we modify the Herringto
Midmere method by incorporating two alternative clus
growth models, which generate aggregates with differ
morphology and so the influence of cluster morphology
the calculation of the rate constant is studied.

The rate constants are measured at different particle c
centrations, which allows the aggregation time scale to
scaled. The data are compared with the value obtained f
the theoretical model including viscous effect. At high pa
ticle concentration, a rate constant deviation from the th
retical value is observed, which is explained by taking in
account the fractal structure of the clusters for early agg
gation stages. This explanation is corroborated by meas
ments of the fractal dimension.

This paper is structured as follows. Section II includes
theoretical background. Section III describes materials
methods. The latter involve a description of the SCLS inst
ment, the PCS method employed to measure rate const
the experimental system, the particle characterization,
experimental details. Section IV gives the results and a
cussion thereof. Section V covers the conclusions.
ic
4337 © 1997 The American Physical Society
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II. THEORY

A. Aggregation kinetics

The Smoluchowski equation@11#

dNn

dt
5

1

2 (
i 1 j 5n

ki j NiNj2Nn(
i 51

`

kinNi ~1!

describes the temporal evolution of the cluster-size distri
tion Nn(t) for diluted solutions. The physical information
contained in the kernelski j , which parametrize the rate a
which i -mers bond toj -mers. The first term in this equatio
represents the mean rate at whichn-mers are formed by the
aggregation ofi -mers andj -mers. The second term repre
sents the rate at whichn-mers disappear when they aggrega
with any i -mers to form (n1 i )-mers. Analytical solutions
for the coagulation equation may be obtained only for sim
mathematical forms of the kernels.

Considering a constant kernel, i.e.,ki j 5k11, and initial
monomeric conditionsNn(t50)5N0d1n , the solution is
given by @26#

Nn~ t !5N0

S t

tagg
D n21

S 11
t

tagg
D n11 , ~2!

where N0 is the initial monomer concentration andtagg
[1/N0ks is the aggregation time scale. For a system
spherical particles moving in a medium of viscosityh, the
rate constantks is given by@11#

ks
Brow5

4

3

kBT

h
. ~3!

B. Viscous interaction

The stability of colloidal solutions is determined by th
interactions between each pair of particles. The interpart
potential is usually described by the Derjaguin-Landa
Verwey-Overbeek theory@27,28#. This includes London–
van der Waals attraction forces and electrostatic repuls
due to the charge on the surface of spherical particles.
stability factorW is defined as the ratio of the aggregati
rates for noninteracting particles~DLCA! and for particles
with a finite interaction~RLCA!. W is a measure of the
stability of colloidal dispersions. In RLCA, only a fractio
1/W of the collisions leads to the formation of a bond.
diluted colloids, the particle encounters are treated as bin
collisions and their frequency is obtained by solving the d
fusion equation. Fuchs@29,30# derived the following rela-
tionship between the total potential energyVT(h) and the
stability factor

W52E
2

`
expS VT~h!

kBT D
h2 dh, ~4!

where h5(H12a)/a for two spherical particles of equa
radii a, H is the minimum distance between two spheres,kB
-

e

f

le
-
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-

is the Boltzmann constant, andT is the temperature. The
total potential energyVT(h) is defined asVr1Va , whereVr
and Va are the repulsive and attractive potential energi
respectively. The expression used in this paper for the re
sive energy was proposed by Ohshima and Kondo@31#. For
the attraction potential energy we employed the classical
mula appearing in Ref.@28#.

The modified stability factorWvisc has to be calculated in
order to assess the influence of viscous interaction. Acco
ing to Spielman@32#, Wvisc may be written as

Wvisc52E
2

`S D12
`

D12
DexpS VT~h!

kBT D dh

h2 , ~5!

where D125kBT/ f is the Brownian diffusivity for relative
motion, f is the hydrodynamic resistance coefficient, andD12

`

is the relative diffusivity at infinite separation.D12 depends
on viscosity, particle dimensions, and the relative separa
between particles. A numerical assessment ofD12 has been
performed in this paper using formulas from Spielman’s
ticle. D12 undergoes a large drop when the particle sepa
tion is smaller than the particle radius. Viscous interact
modifies the value of the rate constant~3!, which may now
be calculated by@33#

ks
vis5

4

3

kBT

h

1

Wvis
. ~6!

III. MATERIAL AND METHODS

A. Single-particle light scattering

Single-particle optical detection is one of the most a
vanced techniques for measuring particle-size distributi
and monitoring aggregation processes. We briefly prese
single-particle optical sizer built in our laboratory@34–36#
based on the device of Pelssers, Stuart, and Fleer@14,15#. In
this technique, single clusters, insulated by hydrodyna
focusing of a colloidal dispersion, are forced to flow acros
focused laser beam. A measurement of the cluster-size
tribution is taken by analyzing the light intensity scattered
single clusters at low angle, where intensity is monotonica
related to the square cluster volume:I n(u)/I 1(u)5n2

;V2. Under this condition, the scattered light intensity
high enough to detect particles accurately and the strong
sibility of the scattered light intensity on the particle volum
makes it possible for a high resolution to be achieved.
larger angles the intensity is lower and data interpretat
becomes difficult due to intensity oscillations appeari
when the particle size changes@25#.

Figure 1 shows a block diagram of the instrument. Ba
cally, it is a flow ultramicroscope in which pulses of ligh
from single particles are detected. Light from a laser is s
through an input optical system in order to create a homo
neously illuminated zone at the center of the flow cell, whe
cluster separation is performed. In the focusing cell, a col
dal dispersion is injected into a fast flowing water strea
thereby obtaining a narrow particle stream. Single partic
cross this illuminated zone, scattering pulses of light. Det
tion optics selects only the light scattered at low angle a
focuses it onto a photomultiplier, which supplies a prop
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56 4339INFLUENCE OF CLUSTER MORPHOLOGY ON . . .
tional electrical current. This signal is converted into volta
and digitalized. A computer controls the analog to digi
converter board and recognizes, classifies, and counts
pulses by running an algorithm on-line.

A simpler way to determine the rate constantk11 is to use
Smoluchowski’s equation for the evolution of the number
primary particles. Performing a simple algebraic transform
tion from Eq.~2!, one obtains for the inverse square root
the monomer concentrationN1 the following linear function
of time

1

AN1~ t !
5

1

AN0

~11N0kst !. ~7!

Thus the plotN1
21/2 vs t should give a straight line when th

constant kernel describes the aggregation process. It is
possible to obtain the initial monomer concentrationN0 and
the rate constantks from the intersection and the slope, r
spectively.

B. Photon correlation spectroscopy

Photon correlation spectroscopy relies on the fluctua
in the light scattered from disperse particles undergo
Brownian motion. The autocorrelation functionG(t) is cal-
culated from the product of two photon counts at timet and
time t1t such thatG(t)5^I (t)I (t1t)&. The normalized
intensity autocorrelation functiongint(t) is given by@22#

gint~t!5
^I ~ t !I ~ t1t!&

^I ~ t !I ~ t !&
. ~8!

The functiongint(t) is related to the normalized field au
tocorrelation functiongfield(t) by the Siegert relationship
@22#

gfield~t!511Cugint~t!u2, ~9!

whereC is a constant determined by the optics of the inst
ment. The field autocorrelation function for a suspension
clusters made up from monodisperse spheres is given by@37#

FIG. 1. Block diagram of the experimental setup. P.M. deno
photomultiplier.
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gfield~t!5(
j 51

j max

Gj exp~2G jt!, ~10!

where

Gj5
Nj^ i j~u!&

( j 51
j maxNj^ i j~u!&

, G j5q2D j . ~11!

In the formula above,q is the scattering wave vecto
@q54p/l sin(u/2), wherel is the wavelength of the light in
the solvent andu is the scattering angle#. Nj is the cluster-
size distribution~particle number density of eachj -fold clus-
ter!, D j is the diffusion coefficient of thej -fold cluster, and
i j (u) is the intensity scattered by a singlej -fold cluster.

The scattered intensity is given by@38#

i j~u!5 i 1~u!Pj~u!, ~12!

where i 1(u) is the intensity scattered for a monomer a
Pj (u) is the form factor for aj -fold cluster that is given by
the RGD approximation

Pj~u!5 j 12(
n,m

j
sin~qrnm!

qrnm
. ~13!

In this equationr nm is the separation between the centers
the spheresn andm and the sum is extended to all pairs
monomers in the cluster. Combining all this information, t
field autocorrelation function has the form

gfield~t!5

(
j 51

j max

Nj~ t/tagg!^Pj~u!&exp~2G jt!

(
j 51

j max

Nj~ t/tagg!^Pj~u!&

. ~14!

In order to find^Pj (u)&, random clusters were generate
by a computer program, following work reported in Re
@24# and@39#. Moreover, the radius of gyration of each ge
erated clusterRg was determined and identified to the hydr
dynamic radius~only for small clusters!. Thus the diffusion
coefficientD j was obtained by using the Einstein-Stokes fo
mula andG j was estimated.

A change has been introduced in the cluster simulat
with respect to that of Herrington and Midmore@24# in order
to study the effect of the cluster morphology on the calcu
tion of the rate constant. The simulations were perform
following two different criteria. In the former, an
(n11)-mer is obtained by shooting a monomer into the c
ter of mass of ann-mer. In the second algorithm, an (n
11)-mer grows by shooting a monomer in random dire
tions. So it is expected that the first model generate m
compact clusters than the second one. The first algori
will be called the compact-cluster model and the second
the branched-cluster model. Figure 2 shows the average
dius of gyration as a function of the cluster size using
two growth algorithms. Monomers were 150 nm in radi
and the simulations were performed up ton550, which is
the maximum cluster size used in our study~early steps of
the aggregation!. The results show an evident effect of com
pactness. The branched clusters are bigger than the com

s
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4340 56A. FERNÁNDEZ-BARBEROet al.
clusters and when the cluster size increases, the differen
the radius of gyration increases. In order to characterize c
ter compactness, the fractal dimension of the clusters
determined by using the relationship@40#

Rg~n!5R0n1/df , ~15!

where R0 is the monomer radius. For the compact-clus
model a fractal dimension 2.4460.03 was found and using
the branched-cluster model it was 2.2560.02.

Our aim is to measure the rate constants by monitor
the processes during the early aggregation stages. Follo
Herrington and Midmore@24#, we fitted the theoretical field
autocorrelation function~14! to the experimental one, with
the fitting parameter being the scaled timeT5t/tagg. For
each timet, we had a normalized timeT and by plottingT vs
t, the aggregation time scaletagg[1/N0ks was measured
The rate constantsks were calculated fromtagg once the ini-
tial monomer concentrationN0 was known. The photon cor
relation instrument used to measure the intensity autoco
lation function was a Malvern 4700~United Kingdom! with
a He-Ne TEM00 laser working at a wavelength of 632.8 nm

C. Experimental system and details

The experimental systems were two monodisperse p
styrene lattices. Table I shows the principal characterist
The lattices had a negative surface charge due to sulp
groups. The lattices were cleaned by centrifugation or se
replacement, followed by ion exchange over a mixed b
The size of the microspheres was determined by trans

FIG. 2. Average radius of gyration as a function of the clus
size using the compact-cluster model~s! and the branched-cluste
model ~h!.
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sion electron microscopy. The critical coagulation concen
tion ~CCC! was estimated directly by dilution of latex pa
ticles in solutions of different KCl concentration. A
chemicals used were of high quality and twice-distilled wa
was purified using Millipore equipment.

Prior to undertaking our studies, fresh suspensions of
crospheres were sonicated for 30 min to break up any in
clusters. Aggregation was initiated by mixing the micr
spheres suspended in salt-free water and the aggreg
agent. Aggregations were induced at high ionic concen
tion: 0.5M of KCl, higher than the CCC. Immediately a
terward, the timer was started.

The temperature was controlled by an external thermos
Both the latex and the electrolyte were kept at the des
temperature for 30 min prior to measuring. The cluster se
mentation due to the slight difference between polystyre
and water densities was negligible.

The aggregation experiments monitored by SCLS w
carried out in a reaction vessel. Precautions were taken
that nondestructive size distribution analysis could be p
formed. Small portions of aggregating colloid were slow
taken from the suspensions through a wide aperture pip
Samples were diluted in the same solvent used for the
persions in order to stop aggregation during the meas
ments. No variations in the cluster-size distribution were
tected while the samples were kept in the dilute medium
several hours. Moreover, the particle concentration was
timized to ensure single-particle detection ('107 cm23).
Cluster-size distribution was monitored and histograms w
taken at different aggregation steps. These measuremen
lowed the cluster-size distribution to be determined.

The PCS measurements were carried out in a 0.5-cm
lindrical cuvette. The scattering angle was 60°. The time
measurement for each autocorrelation function was 45
short enough to guarantee that the samples were at the
aggregation stage during the measurement.

IV. RESULTS AND DISCUSSION

A. Measuring rate constants

The rate constantsks were determined using two alterna
tive techniques: SCLS and PCS. In previous papers@35,36#
we demonstrated that the constant kernel describes the
evolution of the cluster-size distribution for aggregati
times shorter than 7.2tagg. Therefore, the constant kernel s
lution of the Smoluchowski equations was chosen to fit
experimental data for short aggregation times.

Using the single-particle light-scattering instrument, t
rate constantsks were obtained by plotting the inverse squa
root of the monomer concentration as a function of tim
Figure 3 shows experimental curves for sample AS8. A
cording to Eq.~7!, straight lines were obtained, which con
firms once again that the constant kernel is suitable. The

r

TABLE I. Summary of the systems employed.

Sample Source Surface Cleaning
Radius
~nm!

CCC
(M )

Technique
employed

RP-300 Rhoˆne-Poulenc sulphate centrifugation and ion exchange 150611 '0.11 PCS
AS8 Universidad de Granada sulphate serum replacement and ion exchange 290614 '0.10 SCLS



ss
he

st
th
e
e

er

5

re-
ster
the

ase

the

S

tion
t-

x-
les

-

nd
ea
of

still

as-
ac-

nd

t
is-
in-
cies

as
on
.

-

n-

rate
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constantsks were calculated from the slope.
The experimental data obtained by PCS were asse

using the two different algorithms described in Sec. III. T
normalized timeT was plotted as a function of the timet
assuming the compact-cluster model or branched-clu
model, respectively. Figure 4 shows typical results for
compact growth model. The straight lines are in good agr
ment with the theoretical prediction for the constant kern
ks was calculated from the slopeN0ks once the initial par-
ticle concentrationN0 was known.

B. Dependence ofks on the initial particle concentration N0

In this section the influence of the initial particle numb
densityN0 on the Smoluchowski rate constantsks was stud-

FIG. 3. Inverse square root of the monomer concentration
function of time measured by SCLS for three different particle c
centrations. The rate constants were calculated from the slope

FIG. 4. Normalized timeT (5t/tagg) as a function of the timet
for two different particle concentrations:N053.03108 cm23 ~s!
andN051.23109 cm23 ~h!. The compact growth model was em
ployed. The rate constant may be calculated from the slopeN0ks

once the initial particle concentrationN0 is known.
ed

er
e
e-
l.

ied using PCS and single-particle light scattering. Figure
plotsks as a function ofN0 for fast aggregation (0.5M KCl).
At low N0 , the aggregation rates tend to be constant. Mo
over, the values obtained by PCS using the compact-clu
model coincide perfectly with the values measured by
single-particle instrument~free model technique!. At higher
initial particle concentrations the rate constants incre
monotonically. The rate constantsks calculated with the
branched-cluster model are significantly smaller than
ones obtained with the compact model.

At low N0 , the rate constants measured with PC
~compact-cluster model! and SCLS coincide and fall within
the range of values commonly reported for fast aggrega
@15,36,41–52#. For our experimental conditions, the theore
ical Smoluchowski rate constant is 6.0310212 cm23 s21,
which is about twice the experimental value. In order to e
plain the difference, viscous interaction between the partic
was considered. The modified stability factorWvis was nu-
merically assessed using Eq.~5! and Spielman’s formulas
@32#. From these calculationsWvis51.97 was found and, us
ing Eq.~6!, ks

vis53.0310212 cm23 s21, which coincides per-
fectly with the experimental value obtained by SCLS a
PCS with the compact-cluster model. This confirms the id
that clusters grow very compactly during the early stages
aggregation and shows that their branched structure is
not relevant.

At higher initial particle densities, the rate constantsks
deviate from the theoretical value and increase with incre
ing N0 . This behavior is somewhat unexpected since,
cording to Eq.~6!, it should beN0 independent. Deviations
from Smoluchowski kinetics for fast aggregation were fou
for gold sols@53# and polystyrene latex@38,41,54,55#. Nev-
ertheless, other authors@48,49,52# inferred rate constants tha
were independent of the initial number density. So this d
crepance is not still explained, which makes this matter
teresting. Lips and Willis proposed that these discrepan

a
- FIG. 5. Rate constant as a function of the initial particle co
centration for fast aggregation measured by SCLS~n!, PCS ~h!
~compact-cluster model!, and PCS~s! ~branched-cluster model!.
Dashed lines are the theoretical Smoluchoski value and the
constant corrected by viscous interaction.
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4342 56A. FERNÁNDEZ-BARBEROet al.
were due to the erroneous assumption of the constant ke
approximation. Therefore, only average rate constants
measured, which moreover, may be technique depend
We are going to propose another interpretation.

From our data we observed that at lowN0 the compact-
cluster model leads toks close to the theoretical value. Fo
N0 of the order of 1.03109 cm23, the branched-model offer
better results and finally, for higherN0 , both models give
values higher than the prediction. We interpret this behav
by taking into account that for lowN0 the kinetics is so slow
that only small clusters appear with a fractal structure not
established. Thus the compact model, which gives rise
clusters with a fractal dimension of 2.4460.03, works better.
As N0 increases, the aggregation process becomes fast
that bigger clusters grow. In this case, the fractal structur
the aggregates starts to be relevant and the branched m
with a fractal dimension of 2.2560.02 reproduces the theo
retical value. For even bigger number densities, neit
model offers good results since the expected fractal dim
sion is of the order of 1.8@7#.

PCS was used for measuring the fractal dimension a
function of N0 in order to support our conclusions. Figure
shows the time evolution of the hydrodynamic radius app
ing cummulant analysis@56,57#. From the asymptotic behav
ior at long times the fractal dimension was determined by
aid of the relationship@58#

^Rh&;t1/df ~12l!, ~16!

wheredf is the fractal dimension andl is the homogeneity
parameter@59#.

For diffusion-limited aggregation the homogeneity p
rameterl, which characterizes the aggregation mechani
has the value 0@7,8,35,36#. Figure 6 also plots the fracta

FIG. 6. Time evolution of the hydrodynamic radius. The frac
dimension is calculated from the asymptotic behavior at long tim
for two different particle concentrations:N052.53109 cm23 ~s!
andN053.03108 cm23 ~h!. The fractal dimension as a function o
N0 is plotted in the left-hand upper corner. At low number dens
the fractal dimension tends towards 3, the dimension of space
N0 increases, the fractal dimension decreases and reaches the
1.8.
el
re
nt.

r

t
to
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of
del

r
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a

-

e

-
,

dimensions as a function ofN0 ~upper left-hand corner!. It
may be seen that at low number density, the fractal dim
sion tends towards 3, the dimension of space. AsN0 in-
creases, the fractal dimension decreases and reache
value '1.8, generally accepted for fast aggregation.
should be pointed out that forN055.03108 cm23, df gives
a value of about 2.5, close to the fractal dimension obtai
by the compact model~2.44!. At N051.03109 cm23, df is
of the order of 2.1, which is close to the fractal dimension
the branched model~2.25!. This means that the measure
fractal dimensions coincide with those obtained by the d
ferent growth models within theN0 ranges for which these
models work satisfactorily. At higher initial particle conce
trations, both ballistic models fail and therefore a new mo
that accounts for cluster-cluster aggregation should be de
oped. Models of this type yield more branched clusters h
ing a fractal dimension of the order of 1.8.

V. CONCLUSION

The aggregation kinetics of monodisperse polystyrene
crospheres was studied in processes induced at high salt
centration. Smoluchowki’s rate constants were determi
using two alternative techniques: SCLS and PCS. The
constants were obtained from the time evolution of mon
mers using the single-particle instrument and by monitor
the evolution of the intensity autocorrelation function b
PCS. The experimental data obtained by PCS were asse
using two different algorithms~compact-cluster model an
branched-cluster model! that account for the cluster mor
phology in the calculation of the rate constant.

The influence of the initial particle concentration o
Smoluchowski’s rate constants was studied. At lowN0 , the
aggregation process was found to be diffusion controll
The rate constants obtained by PCS using the comp
cluster model coincided with the values measured by SC
~the more direct technique!. This confirms the idea that clus
ters grow very compactly during the early aggregati
stages. At higher initial particle concentration, the rate c
stants coincided with the theoretical value only when
branched-cluster model was used. The aggregation pro
speeds up so that bigger clusters grow and the fractal st
ture of the aggregates starts to develop. For even higher
ticle concentration, neither of these ballistic models offer
good results. At this stage of aggregation, the aggreg
show a fully developed fractal structure and therefore a m
realistic model that accounts for cluster-cluster aggrega
should be employed. The fractal dimensions were measu
by PCS as a function ofN0 in order to support our explana
tion. These coincide with those obtained by the differe
growth models within theN0 ranges for which these mode
work fine.
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